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In any event, the effective mass approximation used
in the present calculations is most accurate when there
is a small number of electrons (or holes), and in that
case also, umklapp is of no consequence. But, as these
are assumptions compatible with the existence of ferro-
magnetism, according to the previous arguments, they
are therefore quite proper in calculating the properties
of a ferromagnet (but not of an antiferromagnet), and
are self-consistent.
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Temperature Dependence of the Exchange Stiffness in Ferrimagnets*
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The temperature dependence of magnon frequencies is studied for ferrimagnets. The magnon frequency
increases for the acoustical branch and decreases for the optical branch, both in low-temperature regions.
Temperature variations obey the 7%/ law. In high-temperature regions, both acoustical- and optical-magnon
frequencies decrease with increasing temperature. The sign change of the temperature variation of acoustical-
magnon frequencies is due to optical-magnon populations which increase with temperature. The sign change
occurs at a lower temperature for a magnon with a shorter wavelength. This feature is in accordance with
Riste’s neutron-scattering experiments performed with magnetites. The second-order shift has proved to be
small at low temperatures. In the course of its calculation, we give a simple expression for the matrix element
of a magnon interaction. This bears a close relationship to Dyson’s dynamical interaction in ferromagnets.

I. INTRODUCTION

N ferromagnets, the spin-wave frequency (the excita-
tion energy of magnons in units of %) decreases with
increasing temperature. The decrease is proportional
to 752 at low temperatures. Here 7T is the temperature
in °K. This feature has been given implicitly in the work
of Dyson.! Oguchi? obtained the same result on the
basis of the Holstein-Primakoff formalism. Keffer and
Loudon? gave the expression explicitly for temperature-
dependent frequencies on a physical basis. In antiferro-
magnets®® magnon frequencies also decrease with in-
creasing temperature, where the decrease is proportional
to T* in the absence of anisotropy energies. Recent
experiments of the inelastic scattering of neutrons by
magnons have made it possible to observe directly the
temperature dependence of magnon frequencies.*?

* Supported by the National Science Foundation.

1 On leave of absence from the Department of Physics, Osaka
University, Osaka, Japan; Kettering Foundation Fellow of
Magnetism.

I Present address: Centre d’Etudes Nucléaires de Saclay,
Gif-sur-Yvette, Seine-et-Oise, France.
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2T. Oguchi, Phys. Rev. 117, 117 (1960).

3F. Keffer and R. Loudon, J. Appl. Phys. 32, 2S-7S (1961);
see also J. Kanamori and M. Tachiki, J. Phys. Soc. Japan 17,
1384 (1962).

4T. Riste and A. Wanic, J. Phys. Chem. Solids 17, 318 (1961)
(antiferromagnetism) ; M. Hatherly ef al. (to be published) (ferro-
magnetism).

8 H. Kaplan, Phys. Rev. 86, 121 (1952) ; see also P. W. Anderson,
lecture given at University of Tokyo, 1954 (unpublished).

We shall report a notable feature of the temperature
dependence of magnon frequencies in ferrimagnets. In
ferrimagnets, the magnon spectrum consists of two
branches, analogous to the acoustical and optical
branches in the vibrational spectrum of diatomic crys-
tals. Long-wavelength magnons in the acoustical branch
are similar in their character to that of ferromagnets®;
the dispersion relation is of the form ex= D2 Here ¢ is
an energy of the magnon with a wave vector k. How-
ever, the temperature dependence of the exchange stiff-
ness D in ferrimagnets is opposite in sign to that in
ferromagnets at low temperatures; D increases as 7%/,
This is caused by the thermal excitation of acoustical
magnons. The thermal excitation of optical magnons has
the effect of making D decrease more effectively; hence
the exchange stiffness decreases sufficiently at high tem-
perature to create a considerable population of optical
magnons. Due to competing effects of thermal-acoustical
and optical magnons, the temperature dependence of D
is rather weak up to a certain high temperature. Magnon
frequencies in the optical branch decrease as 7%2 due
to thermal-acoustical magnons at low temperatures.
Thermal-optical magnons work to make optical-magnon
frequencies increase. But this effect is weak. Thus
optical-magnon frequencies decrease rather rapidly with
increasing temperature.

6 For Spin-wave spectrum of magnetites, see T. A. Kaplan,
Phys. Rev. 109, 782 (1958); F. J. Milford and M. L. Glasser,
Phys. Letters 2, 248 (1962).
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Fic. 1. Temperature variation of the diameter (or angular width)
of constant energy surface of magnons (after Riste, Ref. 8).

We also note that different spin-wave modes belong-
ing to the same branch show different temperature
behaviors. The increase of the frequency at low tem-
peratures is smaller for acoustical magnons with higher
k. Thus the net decrease of frequencies to be predicted
at high temperatures is more considerable for acoustical
magnons with higher .

Our results are based on a two-sublattice model,where
the interaction energy is assumed to be

H=2] Zn.n.sj'sl' (1)

Here —J is the exchange integral with a negative sign,
and S; and §; are nearest-neighbor spins, which belong
to different sublattices, “4” and “—,” and have
different spin quantum numbers, S4 and Sp. A sum,
> n.n., is extended over all nearest-neighbor pairs. Actual
ferrimagnets have complicated structure, as seen in
ferrites® and garnets.” However, the general feature of
our results will serve to understand the temperature be-
haviors of magnon frequencies in actual ferrimagnets.

Our results are consistent with recent observations of
the inelastic scattering of neutrons by magnetite.® For
magnons with an energy of 20°K in units of the Boltz-
mann constant, the energy increases very slightly or
remains almost constant with increasing temperature
up to ~750°K, which corresponds to 7/7T.~0.9, where
T. is the Curie point, 848°K for magnetites. Above
T~0.9T,, the energy decreases rapidly. For magnons
with 80°K, a notable decrease of the magnon frequency
starts at a lower temperature (7'/7,~0.7). These fea-

7 For Spin-wave spectrum of garnets, see B. Dreyfus, in Pro-
ceedings of the Seventh International Conference on Low-Temperature
Physics (University of Toronto Press, Toronto, 1961), p. 127;
M. Tinkham, Phys. Rev. 124, 311 (1961).

8T, Riste, J. Phys. Soc. Japan 17, Suppl. B-III (1962).
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tures are in accordance with our predictions (see Fig. 1).

We consider first the diagonal term of magnon inter-
actions, which are quartic in the annihilation and crea-
tion operators of the deviation of spin from its classical
alignment at 0°K. These operators, ¢; and ¢; and their
complex conjugates, are defined by

Sf=Sa—ai*a;;

Si=(284)"a*f;, (2a)
and
Szz= —'SB+bz*bz;
Sit=(2Sp)2%*f1, (2b)
where
fi=(1—a*a;/25)"% (20)

fi=(1—b:*b,/25p)"2.

This Holstein-Primakoff formalism reduces to that for
antiferromagnets® if S4=S5. As was pointed out by
Kasuya,0 the Holstein-Primakoff formalism works well
if the expansions with respect to the reciprocal spin
quantum number are carried out properly. The fre-
quency shift due to diagonal terms is of the order (1/5)°,
where S is now a mean value of two different spins,
(S4+S5)/2. The shift of the order 1/S causes the
frequency of acoustical magnons to decrease at low
temperatures. This effect was studied also and it proved
to be small. As for the frequency shift, the main feature
does not change on account of the higher order effect.

In the course of our calculations, we give expressions
for the magnon interaction analogous to the dynamical
interaction of Dyson,! as the result of a decomposition
of the relevant matrix element. This decomposition
makes evaluations of the second-order shift rather easy.

In Sec. II we give formal developments, together
with some aspects in the free-magnon theory. The first-
order shift of magnon frequencies is discussed in Sec. III.
In Sec. IV, we give expressions for the matrix element
of magnon interactions. The second-order shift of mag-
non frequencies is evaluated in Sec. V. In Sec. VI, we
give the detailed temperature behavior of magnon
frequencies for both branches, retaining only the first-
order shift. There we also take into account the change
of magnon populations due to the first-order shift of
energies.

II. FORMAL DEVELOPMENTS
We assume S4>S5, and put
Sa=14+a)S, Sz=1—a)S. 3)

A parameter o starts with zero and approaches unity
with increasing difference in spin quantum numbers.
It is equal to } for S4/Sp=2, about which we shall give
specifically several estimates with particular reference
to the CsCl-type structure.

Substituting (2a) and (2b) into (1) and expanding

9 R. Kubo, Phys. Rev. 87, 568 (1952).
10 T, Kasuya, Busseiron Kenkyu 92, 14 (1956).
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fiand f; defined by (2c) in a power series of 1/S4 and
1/S5 ,we have a series

H=H0+H1+H2+“'; (4)

apart from the leading constant term which equals the
classical energy to be obtained in a complete antiparallel
alignment of spins. Here Ho, H,, and H, are terms of the
order S1, S and S, respectively. We introduce the
Fourier transforms of ¢; and a;:

ax=N""3; a; exp(—ik-R;)];
bry=N"12 Zl bz[eXp(ik'Rz)] ,
where R; and R, are the position vectors of lattice
points belonging to “+’’ and “—?” sublattices, respec-
tively, and N is the number of spins belonging to a
sublattice. Then H,, Hi, and H, are written
Ho=2J 3k [vo(Spax*ax+S abu*by)
-+ (S ASB) u 2’Yk(akbk+ dk*bk*)] ’
Hy=—(2N)"J(S4S8)7"2 X k.. k[SpYi1br10xs™ dxstns
+S 4Vi10k1Dx2*Dicsdia
+2(S 455) Y Vi1—xs0x1 * Axabia*bis |
X 5(ki+ko—k;—ky)+c.c.;
H2= - (4N)_2J(SASB)—3/2
X2y kel S 411011 bica* bics™* Dobics bics
— 28 4S BV ro—ka0ir* Oxo™® Gxabis*Dis*Dics

+ S5 Vet ko™ tratis™ axsbie* }

X5(k1+k2+k3—k4—k5—k5)+C.C.
Here v, is the number of nearest neighbors, and
ve=2_s exp(ik-3),

in which § is a vector to nearest neighbors.
The Hamiltonian H,, which describes free magnons,
gives the magnon energies

exa’=270JS(fu—a);
Ekﬁo = 270]S(fk+a) 5

Je= (1= (1—a?) (ve/70)" ], (11)

The excitation energies, exo® and e, are associated
with the spin-wave modes ax and Bk respectively, which
are given by

®)

(6)

Q)

8)

)

(10)

where

ax= tree— VPi*;

(12)
bk= ——vkak*—f-ukﬂk.
Here ui and vy are defined by
2 g 2=1:
e = (13)

2U 0= (1 *a2)ll2(7k/70)/fk .

The magnons associated with ax and Bk will hereafter
be called @ and 8 magnons, respectively. As seen in (11),
S starts with a and approaches unity as % increases from
zero. Thus the bottom of the band is zero for @ magnons
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and 4voJ/Sa for 8 magnons. The respective modes are
responsible for the ferromagnetic and exchange reso-
nances. The top of the a band is 2v,/S(1—«), which is
the energy needed to reverse the direction of a single
B spin. The top of the 8 band is 2v,JS(1+«), which is
the energy needed to reverse the direction of a single
4 spin. The relative position of bands is shown sche-
matically in Fig. 2.
If we use a long-wavelength approximation

iy o— (ka)?, (14)
(11) becomes
fiZa+(1/70)[(1—a?)/a](ka)?,

where @ is the lattice constant. Then (10) is written

exo’=227S(1—0a?)/a(ka)?;

(15)

16
exs' =24y J Sa+27S(1—a?)/a(ka)?, (10)
in a long-wavelength approximation.
The zero-point energy becomes
-‘-2]\7’)/0]5(1—1\7_121{ fk) (17)

The last factor is estimated to be 0.063 for a CsCl-type
structure with a=% (see Table III, Sec. V). This esti-
mate is compared with 0.073 for the same lattice in the
antiferromagnetic case (@=0).
Average magnon energies for « and 8 bands are
Nel=3 1 fikatxa®, Neg®= Zk Tixgexg® , (18)

where 7ixq and 7ixg are thermal populations. In the long-
wavelength approximation, we have

€PBTS2; (19)
« kp 132
B=%§<g>‘ ] ks, (19)
1—a? 87JS

in which (¢$)=1.341 and k3 is the Boltzmann constant.
Similarly, we evaluate € as

a kel 132 eog”
Gﬁogl } €og’ CXP<—_“> ,  (20)
1—a? 87JS ksT

where €s° is the energy at the bottom of the B band.

III. FIRST-ORDER SHIFT

The first-order shift of magnon energies comes from
the diagonal term of H; given by (7). This diagonal term
is included in the following expression

—N7U(S4SE)™V2 X k1 [(SByxow *awaxbc
+.S 4y *bidir )+ (S 4SB) V2 (yoor™* axbi *bir
e wa*bFawbe) JHcc. (21)

On substituting (12) into (21), we have three types of
diagonal terms in ok and Bg; the term independent of
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nxe and mgg, and the linear and quadratic terms in
ko and g,
The term linear in #x, and 7 is written

AE, W =3 [Ta(k)nia+Ts(k)nis], (22)
where
Ta(k) = —yoJ (fi '[1— (yi/70)* N
X2 w {f 1= (viw/v0)*]—1}
+—afi (yx/v0) 2N
X2 w afe™ (ve/v0)?), (23)

T(k)=Ta(k)+2v0/ N1 i afi (vir/v0)?.

Here we used (13) also. The frequency shifts at 0°K are
given by Ts(k) and Tg(k) for @ and B magnons, re-
spectively. The shift I'y(k) vanishes at £=0 and becomes

To(k)=—Jo ' (ka) [N~ i (fi '+ f—2)]

in long-wavelength regions. With an estimate of the
last factor, 0.0247, for our particular case, the relative
shift, T'o(k)/ exa?, is —0.0139/.S. The shift I'q(k) is nega-
tive for small &, but changes its sign for large &; T'a(k)
at the top of the band is 40.026(y,J) with a relative
shift 4+0.020/.S. On the other hand, the shift T's(k)/ exs°,
is estimated to be —+0.086/S at the bottom and
+0.052/S at the top of the band.

From the above analysis, we observe that the tem-
perature-independent frequency shift is smaller for the
a mode than for the 3 mode and that the largest relative
shift occurs at the exchange-resonance mode. This
feature will be preserved also in the temperature-
dependent frequency shift.

The diagonal term quadratic in #x. and nkp gives
rise to the temperature-dependent frequency shift, and
is written

AE1(2) = Zk Kk’ [%I‘aa<k,k/)nkank’a+ raﬂ(k,k/)nkank’ﬁ
3Tas(k K )nugnirs]  (25)

from (21), using (13), where

2 A 2
o [ T2)]
AN S \vo
1 Yic\ 2 Ter\ 2
O 1G]
fkfk' Yo Yo
1—a2<’Yk ‘Yk'><’)’k—k' 'Yk'Yk')}-
fkfk' Yo Yo Yo Yo? ’
Tas(k k) =T aa(k k) —2N "1y J
+ 2N yoJafc v/ v0)%;
Tpp(k k) = Taa(k, k) 42Ny o o i (vi/70)?

+ fu yw/v0)?} -

Here Ta.(kk’) and Tgs(kk’) are symmetrical with k
and K, but Tus(k,k’)=Tg.(k’ k).
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Fic. 2. Magnon energy bands for ferrimagnets.

The temperature-dependent shifts, Aex, and Aeyg, are
given now by

Aeka:zk’ Paa(kykl)ﬁk'a"*‘Zk’ Paﬁ(k,k’)ﬁk/p;
Aexg=2w Tpa(k k) iw ot i Top(l k).
This is easily shown by forming the equations of motion
of ax and B, including (25), where the torques de-
pendent on the occupation numbers are replaced by

their thermal average. Due to the cubic symmetry of
fix « With respect to k’, we have

@7

2w VeV i o= (Yi/70) Xw Vi Hiwar. (28)
Hence the last term in braces of (26) does not con-
tribute to (27), but it does contribute to the fluctuation
effects. By assuming a ‘“random-phase approximation,”

T'ea(k k'), etc., can be written in simple forms, using
(11),

Taa(l k) =M (f—a)(f —a)[(fefur) ' —1];

Tap(b k)= —M(fime) (fir+a)[(fifi) +1T; (29)
Tas(k, k') =M (fita) (fr+)[(fefr) =17,
where
M=N="(yoJ)/(1—0a?). (29a)

The last factors in (29) are always positive. Hence the
frequency shift due to thermal & magnons is positive for
an ¢ magnon and negative for a 8 magnon, whereas the
shift due to thermal 8 magnons is negative for an «
magnon and positive for a 8 magnon. The effect of
T4 on the shift is stronger than that of 'y, and Tgg.
In low-temperature regions, we have approximately

o -1 1—
ng' Paa(krk’)ﬁk’a/ekaoz(afk) afk

€k’ 4yJS? 1—a?

A

. (30)

Thus the relative shift of the a-magnon frequency in-
creases as I'%/? with increasing temperature [cf. (19)].
The increase is dependent on the wavevector associated
with magnons; the temperature coefficient of the rela-
tive shift for magnons near the bottom is (14+a)/a times
larger than that for magnons at the top of the band. For
8 magnons, the shift becomes

Aeas  (af ) 1+afi '
=- ’ €&’y (31)
€x8° 4yoJS? 1—02 =
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with a negative temperature coefficient. The magnitude
of the temperature coefficient at the bottom is
a (1+a?)/(14e) times larger than that at the top of
the band.

It may be interesting to compare the temperature-
dependent shift in ferrimagnets with that in antiferro-
magnets. The latter is predicted by considering the case
with the limit @=0. In this limit, Ty, Tap, and Tgg are
given, respectively, by

1= fufu, —Q4fufw), 1= fufw, (32)

apart from a proportional constant, where fi is now
proportional to the frequency associated with a wave-
vector k. Because ex.’= exg® in the absence of the mag-
netic field, we have 7ix,=7ixg in antiferromagnets. Hence
the contributions of the respective first terms in (32),
1, —1, and 1, to Aex, and Aexg are canceled by each
other. The net result is a decrease in frequency with the
same relative shift for all modes.

The feature just mentioned disappears in ferrimagnets
due to a frequency difference between two modes with
the same k, giving rise to a frequency increase of low-
lying magnons at low temperatures. However, as will be
seen in Sec. VI, the increase of 8-magnon populations
makes the shift of the @ magnon change its sign; the
a-magnon frequency starts to go down at a certain
high temperature.

We finally give the population-independent term

Of (21) .
l—(l I'—(¥2 >]
fk fk

[yt Zk(fk—l‘“fk)yl , (33)

AEl(O) =%N’Yo]{ [N_l Zk<1+

a?

(1—a?)?

which is a correction to the zero-point energy of the
system. An estimate of the last factor {---} is 0.0035
for our particular case. This estimate is compared with
the corresponding one, 0.0053, in the case with limit
a=0.

IV. MATRIX ELEMENTS OF THE MAGNON
INTERACTION

In order to see the second-order energy shift and the
exchange relaxation of magnons, we need to deal with
nondiagonal components of the quartic term H,; given
by (7). These components seem to have a complicated
structure, as is seen on substituting (12) into (7). How-
ever, the matrix element should vanish for the real
process of transitions if the k=0 mode of the acoustical
branch participates in the transition, because that mode
only represents a uniform rotation of the spin system.
The real process comes from the matrix elements satisfy-
ing energy conservation. Thus we decompose a matrix
element of H, into two parts: the part that vanishes in
the real process and the remaining part. The first part
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has a factor of the energy difference between the initial
and final states for a relevant transition. The second
part vanishes for transitions where the mode a, partici-
pates in the initial (or final) state.

The present decomposition bears a close relationship
to Dyson’s classification of the magnon interaction.
There is classification into dynamical and kinematical
parts. We first show that in ferromagnets the second
part of matrix elements decomposed just gives the
dynamical interaction of Dyson. Assuming the Hamil-
tonian in this case to be given by (1), with negative
sign and S4=Sz=S, we write quartic terms of the
Hamiltonian in the following:

(Hl) ferro=47"1 Zk, . .k4V(k1;k2; ks,k4)dk1*dk2*akallk4
X o(k;+ko—ks;—ky),

where ay and a,* are defined by (2a), and

V(ky,ko; ks ks)
=N (via+ryretvestvee— 2ve1-ka— 2yi1—xs).  (35)
Equation (35) is rewritten
 V(ky,ke; ks, k) =Vi(ky,ke; ks, ko) + Va(ky,ko; ks ka). (36)
Here

(34)

Vi=N"U(ves+vra—ve1—vxe); (37a)
Vo=2N"1T 3 s exp(iq-5)[exp(ik-8)—1]
X[1—exp(—ik’-3)], (37b)

where q=k;—k;=ks—k,, ks=k, and ks=k’. Remem-
bering that the magnon energy is given now by
e’=2JS(vo— k), we write V; as

Vi=(2NS) " (ex1®+ €x2®— €xs®— exd) . (38)

As is apparent in (38), V; vanishes identically for the
real process. On the other hand, V', gives the dynamical
interaction of Dyson. It may be noted that each of the
Vi and V; is no longer Hermitian except for the real
process, although V= V4V, has a Hermitian property.

The decomposition just given for the case of a ferro-
magnet may look more or less self-evident. However,
we described it in detail because the procedure for
ferrimagnets is completely parallel, although the matrix
elements become more complicated.

Several different processes are included in H; which
are given in Fig. 2 where the solid lines represent the
«a magnon and the broken lines the 8 magnon. Processes
IT and VI are generated by process I if we remember
that there exists a process to be derived from a figure
with the replacement of a solid line on the left side by
a broken line on the right side of the figure and vice
versa. In the derived figure, the direction of q should
be changed. There are also processes inverse to those
given in Fig. 3.

A matrix element V(%) for a process # is decomposed
into two parts

V(n)=Vi(n)+Vs(n). (39)
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TasLE I. Expressions for V,(n). Here » designates a process given in Fig. 2, and we put

Vi(n)= Q2N)™(X4/Sa—Y4/S5) ¢n,
in which sgnyy is +1 for yx>0 and —1 for v, <0.

up=[(1+f1)/(2fi) '

ve=L1~f1)/(2fi) 1" sgnv,

Process
(n) Xn Yn ©“n
I UUk Wkt qUk'—q ViVk'Vk+qVk'—q €t qa €' —qa® — €ka® — €k’ o?
I UKV Ukt qUk’+q Vit Vit q¥k’+q €kt qat €k’ 4-qp"— €xa® — exrg’
III ViVk'Vk+qVk’—q Uk Uk qUk’/—q — €xt-qB° — €i’—qB°Fexp’+exrg°
v Uty Ukt Uk’ +q ViVk Vit qUk/+q — ekt qa’— €' qf° — €x’a®+eka’
v ViV Vit Uk +-q Uil Wiet-qUk/+q €itqf° €k +qa’+en g — exg”
VI Uk Vk4-qVk'—q VU Ukt qUk'—q — (et '+ ex'—qB"+exad+€x’a?)

Here Vi(n) is a part vanishing in the real process, or a
part with a factor of the energy difference between the
initial and final states of the transition, and V(%) is an
expression analogous to the dynamical interaction of
Dyson. These two components are given in Tables I
and IT respectively. One of the expressions is derived
in Appendix A. If we replace Vi(n) by —Vi(n), we
have another expression for the “dynamical part,”

V(n)=—Vin)+ Va(n). (40)

For process IV, 7; becomes

Va(IV)=— (2/N)J(1—a?)™2 3 (kv ew — motsr)
X (EvictoBret-q— Mhicrq) (Uncthir gt —q T Vil 4q6x) , (41)

with the same convention as given in Table II. The
corresponding expression for process V is derived from
(41) by interchanging « and ». We omit the expression
for Va(VI) for the sake of brevity.

As is apparent in Table II V', vanishes for transitions
with the participation of the uniform mode aq in the
initial state, but not in the final state. This is true also
for Vs, if we interchange literally the initial and final
states. This non-Hermitian property of V, disappears
for the real transition. In this particular transition, the
second part of V vanishes with the participation of the
uniform mode in any one of the initial and final states.

TasLE II. Expressions for V(). Here we put

V. SECOND-ORDER SHIFT

In ferromagnets, the second-order shift of magnon
energies has the same sign as the first-order shift in
long-wavelength regions. However, this is not the case
in ferrimagnets. As seen in Sec. III, the first-order shift
for low-lying magnons is positive at low temperatures.
This effect may be weakened by the second-order shift,
which we shall proceed to investigate.

The second-order shift is troublesome to evaluate in
ferrimagnets; hence we shall limit our calculations to
long-wavelength « magnons at low temperatures. This
is obtained from an energy correction,

% Zk,k’ I‘aa(”(k,kl)nkank'a' )

where T..®(kk’) is of the order 1/S. We denote
T..(k,k’), which is given by (26) or (29), by I'ea®(k,k’).
Energies quadratic in . are expressed in terms of

Taa(k,K’).
Taa(k,k) =Taa® (kK )+ Taa® (kK + - - -

This is a power series in 1/S. The initial term becomes

(42)

(43)

J 1—012 2
Faa(l)(k}k’)gN—< - >(Iea)2(k'a)2 (44)

Yo\ «

in a long-wavelength approximation.

Va(n)=(2/N) (1 —o) 72T Zsgigoh,

exp(ik*d) =ex and (1+a)12=¢, (1—a)!2=y9. Otherwise we use the same notations as given in Table I.

Process
(n) & g h
I Evgex —nUx Evyrexr —nhi Ukt qUk’—qb—k’+q Tkt q%k’—qf—k—q
II Eoxex —nUix Ehyr 4-qerr4 q— Mk +q Wi Wit €k +q Tk Vit q€k?
II1 Euger —nvk Euer e —nvk’ Vit q%k/—qf—k'+q %l qUk’— qf—k—q
v Evex —nutx EUgr 4 gk 4q— MUk’ 4-q — Uk Vit qfte—qFVx/ Uit g—k’)
\ Euxex—nvx VK4 qfR/q —MUE/4q — (w1 V1ct- q—1’ +Vk Uit g6—k—q)
VI Evgex —nuk Evgrewr — Uk Vit qUk/— €k’ +q %kt Vk’—qf—k—q
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process leading to the second contribution is a virtual
emission or absorption of two magnons with the same

k-q K+q wave vector, one of which is an & magnon and the other
a 8 magnon. The process comes from a part of H;, which

is given by (21). Now we write
Tea® (k') =G14G2+-Gs, (45)

where Gy, Gi, and Gs are the first, second, and third
contributions, respectively.

k+q k'+q
I

SSall K'+q S

ke -kt . .
Rt g kb . k We consider first Gy, which comes from a second-order
1 el vi — :
K-~ >k _q N3kt perturbation of the four-magnon process I, IV, and VI
A

“K_q of H;. The square of a matrix element, which appears in
the numerator of the perturbation formula, is written

[V () |2={Vs(m)y*+ Va(n) Va(n), (46)

Fic. 3. Four-magnon processes for ferrimagnets. Here, real
lines represent acoustical magnons and broken lines optical mag-
nons. There are inverse processes to the processes given in these

diagrams. . . . .
using (39) and (40). Thus we can divide Gy into two
The contributions to T'wa® (k') are the self-energies  PArts,
of four-magnon processes, the self-energies of two- Gi=G/+G,", (47)
magnon processes, and the diagonal terms of H,. The where

GY'=—38N)2 X o(X1/Sa—Y1/SB)*(extqa’t g’ — €ka’— €xa®) — 5 (8N )2 2 o(Xv1/Sa—Vv1/Sp)?
X (extqs”+ ex/—q8"+ exa’+ € a®) —2(8N) 72 3 o (X1v/S 4— V1v/S5)* (€t aa’+ € 18"+ e a®— exa’); - (48)

Vo(I) V(1) 7 (VI) Vo(VI) Va(IV)V4(IV)
G/'=—3% 5> 2y s . (49)
q ek+qa0+ ek'—qao_ ek’ao— ekao 1 é1(+q;90"’_ ek'—q50+ ekao"' ek'ao q 5k+qa0+ 5k’+qﬂo+ fk’ao_ ekao

Here we have used Table I. The respective last terms of (48) and (49) are assumed to be symmetrized with respect
to k and Kk, although no symmetrized form was included for the sake of brevity.

The last term of (48) comes from Process IV, and it includes k’+q but not k’'—q. However, the energy shift
of magnons is given by X i T'aa®(kk')fixo; hence the results remain unaltered if we replace k' by —k’. In this
way, Gy’ is written effectively as

Gy =—48NS4S8)"HvoJS)/(fufu)2oa [ [SE*(1+ fi) 1+ fir) B— fu— frr—fo?)
+S2(1— fi) (1= fir) B+ fat fir — fH) —652(1— i) (1— fiu)A—fD], (50)

{(SaSB)"*/ (voS) }¥rt—q= 5g0Yietir—q(1— fiogrr_q?) V2

{(SaSB)Y%/ (ve*S) }vivievq

where we replaced
by

for the same reason as given by (28). _

Now, Gy vanishes if any one of k and k’ goes to the long-wavelength limit, because V,V for a relevant process
vanishes at the same limit. This is not the case for G, whose long-wavelength limit should be cancelled by the
corresponding limit value of Go+Gs. Before going to an evaluation of G,”, we shall look into the cancellation
mentioned above. As will be seen later, G, vanishes only at the long-wavelength limit of both k and k’. Thus
G+ G; vanishes only at the same limit of both k and K’

The diagonal term of H, is written from (8).

Gs=4(8NS4S8)2(voJS)/ (fufir) 22 ol Se*(1+ fi) 1+ fi) BB — fu— frw+ f) (1= f)+ 2~ fu— fu) fo]

+S84*(1— fi)(1— fi) BB+ fut frt f) (1= fo) + 2+ fit fir) fo

—454Sp(1— fY[2— fid— f*+(1— fifw) A+ f0) ]—65*(1— i) (1— fir) (1— f2)]. (51)
Taking the sum of (50) and (51), we get
G/ +Gs=—2[2N(1—a®) T *(voJ/S)/ (fiSfx')

X2 o f A= f{e (A= f) (fu—a)+ (1= i) (fo—a) ]= 1+ f) (fi—a) (fe—a)}, (52)

which has the required form.
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A second-order perturbation of the two-magnon process of H; gives (see Appendix B)
G2=2a"[2N(1—a®) I*(vo/ /S)/ (fx fw')
X2q fo o (fima) (1= fir?)/ furl+ (f =) (1= fi?)/ 211 = fo) — (fi—a) (fe—a) (1= fo®)/ fa?} . (S3)
From (52) and (53), we obtain
G/ +GetGs=— (voJ /S)[2N (1 =) ]! (f— ) (fio — @) / (fuf) {a (futa) (1= fi?)/ fi*
+(feta)(1=fi?)/ firt IV Za(1—fo)/ foJ— N7 ZalfP—e)A= f)/fo’}, (34)

which vanishes at the long-wavelength of any one of k and k’ as required. In a long-wavelength approximation,
(54) becomes

G +GatGi=— (7] /S)/{2N (voo?) H{4(1 =) [N 2o(1— fo)/ fo]
=N 2 o(fe =) (1= f)/ fo*} (ka)*(K'a)*.  (55)

We shall now evaluate G,” given by (49). We pick up the first two terms of (49) to evaluate in a long-wavelength
approximation. The result is a sum of the following two terms:

E {7/(2NS)} - {(1—a?)/a?}(ka)-(K'a)*{ (yoa?) "N~ 22 (1= fo?)/ fat(1/3)(v0a) 2N Zo(VYa  VY)/ fo®}
an

Y2 w(VuVird)?)
fq(qu_a2) .

(56a)

—{J/B6NveS) H{(1—a?)/a}*(ka)*(k'a)*(voa®) >N~ 2 (56b)

(See Appendix C.) Here V,=9/9q,, and ¢, is a component of a vector q.
Finally we evaluate the last term of (49), where the result is given in Appendix D. Thus T'..?, given by (45),
becomes

Q —"Paa(l)(kyk/) ’

Taa® (k) = — 57)
(1—a®)S (
1 19—25a% 1 1+a? S a2 1 ol 1—a2/7\*7 1 (VveVve)

Q=—%{-——— =2+ fat s —— —[——s /—“)1 ——
Nl 1—2 £ T 20—t 31—ar g 6L3 T 72 \yo/ dyer 2

o S (va/v0)? 1

36 1—(y4/70)* a*

where T'po P is given by (44), and we used (45), (47),
(55), (56a, b), and the result of Appendix D.
Estimates of the integrals needed for an estimation
of Q are given in Table III, whence we estimate Q to be
0.15 for the CsCl-type structure, with a=%. Thus the
second-order effect is small at low temperatures.

VI. TEMPERATURE BEHAVIOR OF MAGNON
FREQUENCIES
As was shown in the preceding section, the second-
order shift is small, at least in low-temperature regions,
so we now may predict the temperature behavior of
magnon frequencies, based on the first-order shift.
We note first that population numbers are given by

fixa= [ exp(exo/ksT)— 1771,
fixg=[exp(exs/ksT)—1]7",
where ex. and exg are magnon energies at a finite tem-

perature. Equation (59) is a direct consequence of the
commutation relations

[ak:ak*:lz [ﬁkyﬁk*:]z 1 ’ (60)

which are derived from [a;,a;,* ]=6; and [ 81,60 * = 6.,

(59)

2 1___ 2i 1__ 2 2 V .V 2
—ZM,,(V“V,;yq)Q—!—gag o |:1+5 a <ZE> ]( Yo' VYa) } . 68)

q5 fq2 Yo 70204

using (5) and (12). We can verify (59) easily by taking
a thermal average of (60) multiplied by exp(—H/ksT),
where we use a Hartree approximation.

First we approximate ek, and exs in (59) by their
temperature-independent parts, ex.’ and exg?, without
zero-point corrections. The resulting population num-
bers are denoted by 7ix.” and 7ixg’. In this approximation,
from (27) we get

Afka(l)zzk’ Paa(kak/)ﬁk’ao'i"zk’r aﬂ(kak/)ﬁk’ﬂoy
AV =21 Tgal(k, k)i o+ 21 Tps(l K )rinr .

This is a fairly good approximation at low temperatures.
We have already given the low-temperature character-
istic of frequency shifts on the same basis (Sec. III).
The approximation becomes less accurate at higher
temperatures; still, it will be suggestive to predict
frequency shifts at high temperatures by the use of the
same approximation. Now 7y, and 7ixs° may be approxi-
mated by

(61)

a2/ (fu—a)—3;

62
"/ (futo)—73, ©2)
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F16. 4. Temperature dependence of relative energy shifts: (a) for acoustical branch, and (b) for optical branch. No effect
of population change due to the energy shift is taken into account. There fz=% and 1.0 correspond to the long- and short-wavelength
limits, respectively, and acoustical magnons with fz=0.4 and 0.5 have energies equal to 10% and 25%, respectively of the full

width of the acoustical band.

using (10), where

Equations (61) are the first two terms of the power
series of population numbers in 1/x. The series is con-
vergent for x>2/3w (the top of the 8 band) and x>1/3x
(the top of the a band). Substituting (62) into (61) and
using (29) with (29a), we have

Aeea®/exa®={(1—a?)S} e/ fu—¢2);

(64)
Aexs®/ exp”= —{(1—a?)S} @1/ fut¢2) ;

where
o1~ (a/2) (N1 2k fi™);
pa~a—(5) (N1 Xk fi).

We see from the above expressions that Aex.™ and
AexsD have negative temperature coefficients and that
temperature coefficients of the relative shift approach
each other with increasing temperature.

As mentioned in Sec. ITI, Aex,‘? has a positive tem-
perature coefficient at low temperatures. Thus Aega‘?
has a maximum at a rather low temperature. The tem-
perature at which the maximum appears depends on the
wave vector associated with the o magnon, and the
temperatures decrease with increasing k. This feature

(65)

is shown in Fig. 4, where we have plotted relative shifts
as a function of x for both « and 8 magnons with several
energies. These were obtained by the use of an IBM
computer, taking into account many more terms in the
series given by (62). Contributions of thermal @ magnons
to the relative shift are also given in the same figure.
They increase with increasing temperature for e mag-
nons. If we subtract the acoustical contributions from
the relative shifts, we obtain the optical contributions.
The thermal excitations of optical magnons decrease
the energy of @ magnons. This effect is more considerable
at higher temperatures because of the increased popula-
tions of 8 magnons. The weak temperature dependence
of a-magnon energies is a result of the cancellation of
the two competing effects mentioned above. On the
other hand, for 8 magnons, the relative shifts decrease
rapidly, because the a-3 interaction is stronger with a
negative sign than the §-8 interaction with a positive
sign, and @ magnons are more populated than 8 mag-
nons. As shown in Fig. 4, the most rapid decrease of
relative shifts occurs near the exchange-resonance mode,
Wlth fk=Ol.

Next we shall consider the effect of population change
due to energy shifts. This is accomplisehd by solving
(27) with (59), where ex,= €xa’+Aex, and €xg= ék‘ao
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TasLE III. Estimates of some integrals. Estimates are given for the CsCl-type structure with a=$, where
vx/vo=cos(kza/2) cos(k,a/2) cos(k.a/2)

and N2y (- --) represents

wla

/o) [ [ [aanan(- .

~rla

Integral N7 2y fx N7 2k fi? N7 2y fi® N7 (y00)™? Zx(Vye: Vye)/ fi
Estimate 0.93688 1.08779 1.42885 0.127
. . 2 . 2 —1 2
Integral ~ N7'(yea)™2 Zx (97 V1) N7 (yoa)™ Zx (Ve Voyi? N1 (yoa)™ Zx (Vi Vr? N (yoa) 2 2k =0 S /)
i i S 1—(vr/v0)?
X (VuVyvr)?
Estimate 0.181 0.0201 0.0292 0.11

~+ Aegg. The same problem has been studied for ferro-
magnets and antiferromagnets,!! where a single param-
eter is estimated. This parameter merely gives the
relative shift, which is the same for all modes. This is
not the case for ferrimagnets, where we need another
parameter to obtain the solution, for which we use the
method of successive approximations. We start with

ﬁkazﬁka0+Aﬁka(l>+ Tty

Tisep =T O+ AfiigD+ - - - .
Here Afix,® and At represent population changes
linear in Aex, and AexsV obtained from the zeroth
approximation of population numbers 7ix.® and 7ixg. If

we substitute (66) into (27) with (59), the second ap-
proximation of energy shifts is obtained:

Aexa® =21 T ook, k") Adigr o™

+Zk’ Paﬁ(k:k’)Aﬁk’ﬂ(l) )
Aeg® =31 Tpa(k,K") Aty oV

+3 Pﬁp(k,k')A’kal,g(l) .

The third approximation of the shifts are expressed in
terms of Afixe® and Afixs®, which consist of population
changes quadratic in Aexo™ and Aexs™ and those linear
in Aexo® and Aexs®. Thus, we have series expansions
of Aexe and Aexs with respect to [(1—a2)S]1. We have
plotted the results in Fig. 5 for S=%, where we have
taken into account Aex, and Aeg up to the third
approximation.

The self-consistent solution is exactly obtained from
evaluations of two parameters, p and ¢

p=—M{>w(fr—a)ixat X w(futa)ivs},
g=Mo{—3w [1—(o/ fi) Jixra
+2w [1+(o/ fw) Jiws} ,

(66)

(67)

(68)

which satisfy
<i::>= (pfuta/ f k)(l)(ﬁa-l-q/a) (69)

11 M. Bloch, Phys. Rev. Letters 9, 286 (1962); J. Appl. Phys.
34, 1151 (1963).

as easily shown by (27) and (29) with (29a). The result-
ing solution for S=% is given in Fig. 5. The solution
disappears beyond a temperature kzT/(2v0JS)=0.395.
This may be very close to the Curie temperature, as
expected from comparisons of the corresponding results
for ferro- and antiferromagnets!! withaccurate estimates
of the transition temperatures. It may be noted that a
sharp decrease in magnon energy occurs very near the

0 _
o
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~
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=
< a
o, -0.2 -
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~
e
g -0.3 -
=
(%]
> —0.4 -
2
e
) Self-consistent \
g -0.5F solutions ‘-\ -
5 | Approximate solutions . ,8
)
o
-0.6 -
SA=1,5=%
-0.7 | 1 1 |
0 0.1 0.2 0.3 0.4 0.5
kBT/(Q)’OJS)

F16. 5. Temperature dependence of relative energy shifts
(S=4%). Population changes due to the energy shift are taken into
account. The Curie point may be around kpT/(2vJS)=0.4.
Low-temperature parts of the curves are drawn by use of the
following results: (1) a high-temperature expansion without
contribution of thermal optical magnons; (2) a low-temperature
expansion.
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temperature mentioned. Still, a large part of the magnon
energy remains at that temperature; another notable
result.

It may be difficult to predict what really happens
close to the Curie point from the present treatment,
because our Hamiltonian has been truncated. The con-
tribution of higher order terms to the frequency shift is
small at low temperatures. As shown in the solution of
(27) with (59) by the method of successive approxima-
tion, the frequency shift is expressed by a series in 1/.S.
The second term in the series is of the same order as the
first term to come from the second-order effect of the
Hamiltonian, in which the latter is quadratic in popula-
tion numbers.

VII. CONCLUSION

We have studied the temperature dependence of
magnon frequencies in ferrimagnets, based on a two-
sublattice model.

The primary term of magnon interactions, which is
of the order (1/5)9, has the following nature. The inter-
action energy is positive in sign between two acoustical
magnons and between two optical magnons, whereas
it is negative between an acoustical and an optical
magnon. Thus, in low-temperature regions, the magnon
frequency increases for the acoustical branch and de-
creases for the optical branch, because thermal magnons
are dominantly acoustical in low-temperature regions.

AND M. BLOCH

Temperature variations obey the 7%2 law. It is also
noted that the increase of relative shifts is more notable
for acoustical magnons with longer wavelength.

In high-temperature regions, acoustical-magnon fre-
quencies cease to rise and then decrease with increasing
temperature because of the magnon populations in the
optical branch. The decrease will begin at lower tem-
peratures for acoustical magnons with shorter wave-
length. Moreover, the decrease is enhanced by popula-
tion change due to the first-order shift, because optical-
magnon frequency decrease considerably; hence the
increase of optical-magnon population is enhanced by
a lowering of the frequency.

These predictions are based on the first-order shift of
magnon frequencies. The second-order shift has proved
to be small at low temperatures. However, the higher
order effect will become appreciable near the Curie
point. Our treatment may predict correctly behaviors
up to the temperature at which the largest relative shift
attains, say —0.4.
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APPENDIX A

The matrix element of Process I shown in Fig. 2 is given by a coefficient of autq*ar—q*axaw, if we substitute

(12) into H, of (7). This coefficient is written

L= 200 (te1- 0 —qY g+ i Vi o Vi —k—a) + 2010 Ve Ui — Vi k—qH Vi i —q Y ) -

Using (13), we have

which is divided into two parts:

and

V(I)=N"1J(L,—Ly); (A1)

Li=(S4S5) ™V Spusttic (st gV —q Vi —q U oVt g Vieta) TS 40V (Uit % —qViet g H Ui - Vg Yir—q)
+Sptticy gt (Uit Yo+ s Vicyie) S avit Vo (U vy T uvioy) 1; - (A2)
(A3)
Li={vo/[(1—aD)SB{S(4—fri—fir— fira—frr—)ttho ey gt —q+ S a (34 +fio +fira T o) 0l vy qor—q} ,  (A4)
{vo/[(1=0)S T (frrat fir—a— fu— fur) (Spththiorthicy i —q— S a0V Vi VU —q) (A5)
2vo/[(1—=a®)SHS(2— fura— fr—o) ittty i —q+S 42+ fiorqt fir—) 0V Vi ol —q ) - (A6)

The first part (A5) leads to Vy(I), as given in Table I. A sum of (A6) and (A3) is factorized as shown in Table 11,
where (A6) is rewritten in the same form as the first two terms of (A2) with the addition of a factor of 2.

APPENDIX B

Substituting (12) into (21) and picking up terms with axBx+-ax*Bs*, we obtain

— (2v0J/N) X w { A+ Bt ot Crr o g} (0B +ou*Bi™®)

(B1)



EXCHANGE STIFFNESS IN FERRIMAGNETS 2539

where
Ao = (w+v?) { (1 —a?) ™ v yi/vo— Vv / Yo} + 200{ (1 — @) ™ 2usvioryic /vo— v’}

B = (>0 {3 (1 — ) V2 (s 2+ 02— 0) Yi/ Yo — Ui Vi Yierr /Y 0}

+2u0e{ (1 — a2) " 2sgvieoyie /[vo— 5 (2 +u?) } ;. (B2)
Ciw = B +a(1—a?) 2w+ 0 vie/vo.

If we apply a formula for second-order perturbation to (B1) and pick up a coefficient of #xa#xra, G2, defined by
(45), becomes

Go=— (270]/N25)Zk"(Akk"Bkk’/fk“I‘Ak'k"Bk’k/fk’+Bk"k’Bk”k/fk") , (B3)

where an energy denominator of the perturbation formula, exq'+ exg, is replaced by 4veJSfy, using (10). By
substituting (B2) into (B3), we obtain (53) after some manipulations.

APPENDIX C
The first two terms of (49) are written
— (N X1/ Sa—Y1/SB) V(D) +(Xvi/Sa—Yvi/Ss)Ve(VI)]
V(D)2 Vo(VI) ]2
. [V.(1)] D] | e

+
ek—}—qao'*— ek’—qao—" 6kozo"" fk’ao €k+qﬂo+ ek’—qﬁ0+ eka0+ €x’ aO

using (39) and (40).
We evaluate the first term of (C1) up to k%’? neglecting the terms with %2 and #’2 in X, and V,. Thus, using
Table I, the first term of (C1) becomes

=—(8NaS) ™ X a(firafiw—a) H (14 fird) V(1 fimo) V2= (1= fipd) V(1= fo—g) 2H{V(D+Va(VD)} . (C2)

Here, for the sake of simplicity, we omitted a sign function, sgny,, in the front of (1— f,)/?, because the final
expression includes only square terms in (1— f,)¥/2. Using the expressions for V(I) and V(VI) given in Table II,
we have

Vo(D)+Vo(VI) = (2J/N)/(1—a?) V2 3 5(£vxer— nux) (Evi e — i) (i g+ €k q) (e ' —qF Vi ghir—q) .~ (C3)
Substituting (C3) into (C2), we write (C2) approximately as
—(J/8N?)(1—a?)"/a2S 3o (1= fita®)/ fitat (1= firma®)/ fi—a]
X2 s exp(iq-8){—2(k-8)(k’-8)+i(k-5)(k'-3) (k' — k) - 5— 3 (k-5)*(k’-3)*+2(ka)*(%'a)*/ (yox)?} . (C4)

After expansions of fiiq and fi—q with respect to k and k’, (C4) gives (56a).
In the second term of (C1), we have only to retain the primary terms in V,(I) and V,(VI) in the expansion
with respect to k and k’. They are

VoD~ Vo(VD=INT[(1—a?)/(voa?) Jrq(k- V) (K- V)vq, (Cs)
where V is a gradient operator in q space. We easily obtain (56b) by substituting (CS5) into the second term of (C1).

APPENDIX D
The last term of (49) is written

— (voJ St L q Va@V)VaIV)/(furqt firta) (D1)

in a long-wavelength approximation. A simple but troublesome treatment of (D1) gives the following primary term:

—i(—1—>(1_0‘2—)(ka>2<ie'a)2zv—1Z{i@—zf“2_a2>(7—“>2—[4 L PIRUALY IS

AN\yeS/ clf\3 T oa /\y/ Logs' 3 i dyea
11—  1—a?/yo\*] 1
+- r1+5 /"—'q> -I (V'Yq'v’)’q)2} , (D2)
9 ff L fd \’Yo J‘70204

where we used Table IT and (41).



